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Summary. Reduced density operators of the p-th order adapted to irreducible
representations of the permutation group are expressed in terms of spin-adapted
p-electron creation and annihilation operators. Simple rules for expressing
products of two density operators as linear combinations of the symmetry-
adapted density operators and formulas for calculating matrix elements of these
operators are derived. The results may be useful in many-body perturbation
theory, in coupled cluster methods, in theory of spin-adapted reduced Hamiltoni-
ans, and in statistical theories of spectra.
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1 Introduction

Spin-free p-order reduced density operators (p-RDOs) [1] also referred to as
excitation operators [2], replacement operators [3—5] and, in the first-order case,
the unitary group generators [6], proved to be most useful in designing algorithms
for evaluation of matrix elements in many areas of the N-electron system theory.
Until recently, the properties of p-RDOs with p > 2 were investigated rather
scarcely [1]. However, growing interest in extending the many-body perturbation
theory and the coupled cluster expansions up to higher orders [2, 5, 7], develop-
ments in the theory of spin-adapted reduced Hamiltonians [8—11], and in the
statistical theories of spectra [12] stimulated more research work on properties of
the high-order p-RDOs [2, 5, 10, 11, 13].

In a recent work by Kutzelnigg [2], the importance of the permutation
symmetry adaptation has been emphasized and methods for obtaining the
symmetry-adapted operators have been developed. In the same paper a generaliza-
tion of the Wick theorem allowing one to express products of p-RDOs as sums of
single p-RDOs was given. A graphical representation of the Wick theorem allowing
for an easy evaluation of products of the primitive (non-adapted) p-RDOs was
presented in our recent paper [13]. The p-RDOs there are represented by means of
p-electron creation and annihilation operators allowing for simple evaluation of
their traces in finite-dimensional, spin-adapted, and antisymmetric Hilbert spaces.
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In the present note we give a general procedure for constructing symmetry-
adapted p-RDOs from spin-adapted p-particle creation and annihilation opera-
tors. The procedure is an alternative to the one given by Kutzelnigg [2].
Moreover, a simple scheme which allows one to express products of RDOs as
linear combinations of the symmetry-adapted RDOs is outlined. Finally, formu-
las for calculating matrix elements of these operators are derived.

2 Spin-adapted second quantization operators

A primitive p-electron creation operator is defined as:

B(_zt‘liz...ip)alaZ...apEblﬂl—albi_‘;az"'bi:apa (1)
where (iyi, .. . i,) stands for orbitals, 6,5, ... g, for the one-electron spin func-
tions and b;; are the familiar one-electron creation operators. The notation is
further generalized to describe p-particle states with a specific spin-coupling
scheme. Thus, Bj ., i)SMA denotes a spin-adapted creation operator of a
p-particle state. The spin-coupling scheme is labelled by A and S, M denote the
quantum numbers corresponding to the p-particle spin operators S* and S,
respectively. The spin-adapted creation operators may be expressed in terms of
the primitive ones using the Clebsh—Gordan expansion [13, 14].

{B(-:'-liz.‘.ip)SMl} = {Cg'}l;/zl.“o‘p}{B(-}_liz...ip)a'laz...a'p}a (2)
where {Cgh2 7} is the unitary matrix of the Clebsh—Gordan coefficients.

A similar expansion may be used to construct spin-adapted p-particle
operators from products of the spin-adapted ¢- and u-particle operators, where
p =1t +u For example, if t =u =2, then:

51 52
B(_;bcd)SMslsz = Z Z {SMs, s, ' 51m132m2>B(Zb)s1mIB(td)szmza (3
miy=—SyMmy=—5y
where s,, 5, =0, 1 and {SMs,s, | s;m,s,m,) are the Clebsh—Gordan coefficients
for this specific coupling scheme. A generalization of Eq. (3) for arbitrary 7 and
u is straightforward.

It is convenient to introduce a more compact notation for the spin-adapted

creation and annihilation operators. We set:

B;,_SMA = B(E in. .. i)SMA (4)

where o stands for the string of the orbital indices. The corresponding annihila-
tor is B, gp.

A spin-adapted creation operator, acting upon the vacuum state creates an
antisymmetric, p-electron spin eigenfunction corresponding to a given orbital
configuration, i.e.:

BISM}.(O> = ‘OC, SMA.>

Hence, in the spin and in the orbital spaces the spin-adapted creation/annihila-
tion operators corresponding to given «, S, M form bases for the pertinent
irreducible representations of the symmetric group S, of p! elements'.

! In order to simplify the discussion we assume, for the time being, that all indices in the « string are
different. A generalization for the case of repeated indices follows the same line as in the theory of
spin functions (see e.g. [16, 17])
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In the coordinate representation |a, SMA) corresponds to a spin-adapted
antisymmetrized product of orthonormal spin-orbitals [15]:

P(r, 0)irs =<, 0 |0, SMA). (5

If #,/P. denote a permutation 2 acting on the spin/orbital coordinates of
electrons, then the Pauli principle gives:

2,2 ¥ spz = 8PV ¥ 500 (6)

where &(#) is the parity of 2. The transformation properties of the orbital and
of the spin parts of ¥%,,, implies [16, 17] that:

- SS.p)
PV s, = z VE(P) 1 Tg*My (7a)
p=1
and
. fS.p)
'@r g’MZ = Z Ug‘(g);ﬁ gM,u (7b)
p=1

where V% and U% are matrices of mutually dual irreducible representations of S,,.
Their dimension, f(S, p), is given by the Heisenberg formula [17]:

_25+1( p+1
rsp =251 (1) ®

The total spin quantum number designates the pertinent representation and
2 [{U% correspond to the Young diagrams containing at most two rows/
columns. The representations V% and U% are related according to
2(P) = e(P)VE(P ~1) T [17]. We assume that ¥%,,, form an orthonormal set.
Then the representation matrices are orthogonal, i.c.

UL(P) = e(P)VE(2). ®

Since using the occupation number rather than the coordinate representation
appears to be more convenient, we introduce permutation operators £ /2,
acting on the spin/orbital labels rather than on the corresponding electron
coordinates. Taken into account that

'@rjrglg‘zm =yaéaTng = T§M1= (10)

the both kinds of the operators, when considered as elements of an abstract
permutation group S,, are related as

P, =P P,=P; (11)
The transformation properties of ¥Y%,,, expressed in Eq. (7) imply that
f(8.p)
P Brsyi= Y V&P uBlsmy (12a)
u=1
F(Sp)
P,Bl sy, = Z Ug('@-_l);}yB;,—SMu' (12b)

p=1

Hereafter, wherever it does not lead to any confusion, we omit the subscripts r
or ¢ in the symbols denoting permutation operators.
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3 Symmetry-adapted p-RDOs
A primitive p-RDO is defined as [2, 13]:

PENS = 8 bbb bas - bubaer (13)
G163...0p
In particular, the 1-RDO:
1E2=Eia=zbit'baa' (14)

is the unitary group generator [6] also known as the replacement operator or the
shift operator [3, 4]. If i = 4 then E, is the orbital occupation number operator.
Its eigenvalues n; =0, 1, 2 are the occupation number of the orbital i.

Then, according to [13]:

PE} = Z E:alaz-,.upgﬂﬂl"z--'ap (132)
0192---0p
2 S f(Sp)
= Z Z Z BZSMABILSMi (15b)

S=Spin M= -5 A=1
where S, =0 if p is even and S, = 1/2 if p is odd. Equations (15) express the
fact that for a given pair of the orbital index strings («, f) the sets of all
spin-adapted and of all non-adapted creation/annihilation operators span the
same space.
The action of a permutation operator & on *Ej is defined as:

PPE; =PEZ". (16a)
The Hermitean-conjugate equation reads:
PEEP+ =PEE, | (16b)
The symmetry-adapted p-RDO, following Kutzelnigg [2], is defined as:
S\ - 25, &
where:
S
ps, <SSP 5 ) 9. (18)
p ' pE Sp

The operator 3, is, in fact, a shift rather than a projection operator. If we used
a projection operator:

PS

u

=J_"(_S,_p) Z Ug(gm)wg

P' ZeS,
instead, then:
PIPEH(PY) T =0, ER)
where (P$)* acts on the lower () indices. The last equation is a straightforward
consequence of Egs. (16) and of:
PEZ* =PE% _1p. (19)

Hence, although shift operators are not projection operators in the strict sense,
they are more useful than the standard projection operators because they can be
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used to build irreducible basis vectors from arbitrary vectors [18, 19], while
projection operators do not have this property.

Substituting the primitive p-RDO in Eq. (17) by Eq. (15b) we can obtain
another representation of the symmetry-adapted p-RDO. Making use of the
orthogonality relation:

S,
[(—pj&); U{S"(‘@)uv Ug"(@)xl = 555/5”(5” (20)

and of Egs. (12) we get:

s

S1 el

BER = % BlomuBpsm- (21)
M=_s

Equation (21) may also be used as a definition of the symmetry-adapted p-RDO.
It has a very straightforward physical meaning, expecially when combined with
Eq. (15b). However, one has to remember that the p-RDQs act in the orbital
space only. In particular, Eq. (21) should be interpreted in the sense of the
spin-free formulation — the spin labels reflect the symmetry properties of the
orbital-dependent operator.

Combining Eqs. (12), (15), and (21) we get another set of useful relations.
The first one allows one to express the primitive RDOs in terms of symmetry-
adapted ones:

PP LS [81 gredd
Ef*= Y % UkP), E%- (22)
5= Smin v =1
The other equations determine transformation properties of the symmetry-
adapted p-RDQOs. In particular:

PR = S (238)

7P 1 pali]
= Y U, E] (23b)

=1
and

1P =ES, 9

S(S.p) p—
— AZI Uz(P) 1! ]Eﬂu]' (23d)

Finally, Eq. (22) may be rewritten in a simple form as:
» P2 f(Sp) (5] pPals]
PEF* =Y ) Epny”- (24)

S=Spin v=1

4 Products of p-RDOs

One of the most important tasks in the theory of p-RDOs is expressing their
products in terms of single p-RDOs [2, 13]. In the case when a symmetry-
adapted p-RDO is multiplied by a primitive 1-RDO, we first apply Egs. (13),
(14), and (17) in order to express E, and S'EZ in terms of the creation and
annihilation operators. Then the standard commutation rules are applied.
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Finally using the appropriate Clebsh—-Gordan expansion (an analog of Eq. (3)),
we obtain:

Sl i __ s S grodul S1 el
: ]Eﬁ[v] E, =4(iep) {[ ]E,B(a—ri)[v] + ]E/}(a—»i’)[v]

+[S+ Uz]EZl;-[[l:,’]] 4 s~ 1/2]Eal;z;[[;:"l] (25)
where
, 1, if i appearsin f
é = . 26
teh) {0, otherwise (26)

P(a — i) means that index i has been replaced in § by a (the second term, with
B(a — i) replacement, is present only if index i appears twice in ) and ai/fa mean
that the strings a/f have been appended by i/a. Values of the counting indices
w,v" (u”,v") depend upon the adopted convention in defining basis for the
pertinent irreducible representation. Let us note that the orbital indices in Eq. (25)
appear in a specific order: in [S + 1/2] operators the indices i and a are put at the
end of « and f strings respectively and in [S] operator index a replaces i in the
f string. If another sequence of the indices is required, Egs. (23) may be applied.

The second-order primitive RDOs are related to the first-order ones by a
simple relation [1]:

EY}, = ELE, — 0,E},. (27

Then, the corresponding formula for the appropriate products of the symmetry-
adapted p-RDOs and the primitive 2-RDOs may be readily obtained by a
twofold application of Eq. (25). The same holds, of course, for the higher-order
primitive RDOs.

Equation (25) may be written in a more compact way as:

IERAE:, = 6(i € HIWER ., + SO VAEL (28)
where {a —i} means that terms corresponding to all possible replacements of i
by a must be included (in this case the number of terms is equal to the
occupation number of i in f; cf. Eq. (25), and [S®1/2] is a shorthand
designation for the sum of [S + 1/2] and [S — 1/2] operators. Using this notation

one can easily express products involving higher-order primitive p-RDOs. For
p =2 we have:

SIED BY, = 56 € B € HPEL, o i
FO e pIIE ko] e e mE
1 I5©(160)] E;le)ﬂ[iv]] (29)

where obvious generalizations of the previously defined symbols have been used.
It is worthwhile to stress some very close structural similarity of Eqs. (25), (28),
and (29) to the generalized Wick theorem for the primitive p-RDOs [2, 13]. In
fact, the building principle expressed by these equations may be considered as
another version of the generalized Wick theorem.

5 Matrix elements of p-RDOs

Several efficient algorithms of evaluation matrix elements of non-adapted one-
and two-body RDOs are available, within frameworks of both unitary group
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[1, 6] and symmetric group [3, 20] approaches. A recently proposed method of
constructing the symmetry adapted p-th order reduced density matrices [2] took
an advantage of these algorithms. In essence, the method consists of the
following steps:

(1) Expressing the symmetry adapted p-RDOs in terms of the primitive p-RDOs
(using, e.g., Eq. (17)).

(2) Reducing the p-RDO matrix elements of p-RDOs in the 1-RDO and 2-RDO
ones (using p-particle generalizations of Eq. (27)).

(3) Applying the standard algorithms to calculate the matrix elements of 1-
RDOs and 2-RDOs.

In this section equations for direct evaluation of the p-RDO matrix elements
are presented. Since the symmetry-adapted p-RDOs transform according to
irreducible representations of S,, we found the symmetric group approach to be
most appropriate for deriving the formulas. The strings of N orbital labels in the
standard order are denoted A, I', Q. The same strings in non-standard orders are
denoted A, I'", Q', A", I'", 2", etc. In this section we allow some indices in the
orbital label strings to appear twice. The repeated indices are referred to as
doubles and their number in a given string is denoted 4.

5.1 Primitive p-RDOs

Let EZ be a 1-RDO which does not affect the doubles in I' and let us consider
i #j. Then:
[A%; SMy», ifiel and n; #2

0
0, otherwise. (30)

Ef,fll“;SMy>={

If & is the permutation operator which acting on the orbital labels transform A’
into A then, for i e I' and n; # 2, due to Eqgs. (12):

E{lFQSM?>=l=@_1A;SMy> (31)
FSN)
= Y U§(@),|A; SMA). (32)
A
Therefore:
(Q; SMo |Ej|T'; SMy) = U (#),,0 1060 € T). (33)

If E/ changes the number of doubles in I' or if i =, then the normalization
factor in the resulting vector changes. For example, in the case of a two-electron
singlet:

Ejz:B (T'i)OO =2'B (_:_'j)OO

EJ{B (T'j)OO =2'B (_;]‘)00

E}B (o0 = 2B (iyo-
In a general case, whenever E/ either creates or destroys a double, a factor 212
appears (the case of E! may be interpreted as a destruction and a subsequent

creation of the same double, leading to the factor 2'/2 - 2Y2), Then, Eq. (33) in a
general case of 1-RDOs reads:

(Q; SMo | E}|T; SMy) = 2942UY (P),,6 408G € T) (34)
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where Ad =0, 1,2 says how many times a double has been either created or
annihilated.

Let us generalize the above result to the case of a primitive p-RDO, p < N.
Similar reasoning leads to the following equation:

PES|T; SMy) =242~ A; SMy»é(B €T) (35)

where 4d, A, and & are the appropriate generalizations of the guantities already
defined. The right-hand side of Eq. (35) vanishes if any of the resulting
occupation numbers in A violates the Pauli principle (is greater than 2). Hence,
the corresponding matrix element may be written as:

(Q; SMw PES|T; SMy) = 242U (#),,,6 ,106(B € T). (36)

5.2 Symmetry-adapted p-RDOs
In order to calculate matrix elements of the symmetry-adapted p-RDOs, let us
start with the following lemma ([19], Chap. 7-7):

IfZ€S,, p<N,ie., if #Z does not affect the last (N — p) orbital labels in a
string of N labels, then the matrices UY (%) are the direct sums of U%(%).

We can choose the representation so that U¥ (#) is in explicit reduced (block
dlagonal) form. Let n(7T, S) be the number of times U% (9?) occurs in U¥ (&) and
let {i}, i, ...,1,} be the addresses of the U%.(%) blocks in UY(Z) so that

U]S"(@)aﬂ-,”k: UrR); fa=i,i,...,i,and j,k=1,2,...,f(T,p).

(37
Then, according to the orthogonality theorem:
f (T p) &
%Z U B US Bim = 2. 811 gOkm—q- (38)
€Sy g=1i]

The vector PEF*|I'; SMy) =PE% 15 lF SMy vanishes, unless I' contains all
the orbitals Wthh appear in the B string. Let 2! be a permutation which
reorders I in such a way that the first p labels of the resulting string I'" coincide
with . The Pauli principle implies that:

27N SMy) =e(2)|T; SMy)y =|T'"; 27 'SMy). (39
Then we have
PEF*|T; SMy) = e(QPEF|T; 27 'SMy). (40a)
The last equation can be rewritten as:
=e(2)PE%| R, 27 'SMy) (40b)
f(SZN) USY(R),,US (D), PEG|T"; SMA). (41)

In Egs. (40), (41) the permutation 2 € Sy while #Z € S, = §y. When acting on
a, # € S, while acting on I'’, # € Sy. However, the operator £ acts on the first
p labels of I'" only.
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Multiplying the last equation by (f(T, p)/p)U%(2),,, summing over all
# € S,, and using Eqs. (38), (17) and (18), we get:

MBS0 SMy)y = Y, UV, B3| I SM, g+ ). (42)
9=11
Finally, the matrix element of a symmetry-adapted p-RDO may be expressed in
terms of the corresponding matrix elements of the primitive p-RDOs as:

(Q2; SMo [TER T SMyy = Y. U (), ,,<Q; SMe PE3|I"; SM, i + ¢). (43)
g=1i

By substitution of Eq. (36) for the primitive p-RDO matrix element, Eq. (43)

obtains a more symmetric form:

(Q; SMo |PEFA|T; SMy)

=22"5(0 e QOB € 1NHQ — o0, I — ) Z US@P)iu+qUS(Dy1q, (44)

g=1i

where Q — o/’ — f stand for the orbital label strings obtained by removing «/f
strings from Q/I'. The operator 2 has been defined in Eq. (35) by considering
the effect of action of an RDO on a vector. Here the operators &£ and 2 play
analogous role with respect to Q, o« and I', f§ strings, respectively.

6 Concluding remarks

The matrix elements of p-RDOs are equal to the p-th-order density or transition
matrix elements, i.e., to the coupling coefficients in general expressions for the
matrices representing p-particle operators in N-fermion spin-adapted model
spaces constructed from products of orthonormal orbitals. In these spaces most
of methods of approximate solving the Schrédinger equation are defined. There-
fore the results of this paper may be applied in many methods used in quantum
chemistry. Also relations between different kinds of p-RDOs and between their
different representations (cf. Egs. (15), (17), (21), (22), (28), (29)) may be useful
in both transforming specific equations met in the methods mentioned above and
in designing new methods. ‘

Acknowledgements. The continued support by DGICYT of Spain (project PS88-0112) is gratefully
acknowledged. J.K. is indebted to Ignacio Nebot Gil for being invited by him to the Universitat de
Valéncia where a part of this work has been executed. We are grateful to Werner Kutzelnigg for
making available his program to calculate p-RDO matrix elements.

References

1. Hinze J, Broad JT (1981) in: Hinze J (ed) The unitary group for the evaluation of electronic
energy matrix elements. Lecture Notes in Chemistry, vol 22. Springer, Berlin, p 332

2. Kutzelnigg W (1985) J Chem Phys 82:4166

3. Duch W, Karwowski J (1985) Comput Phys Rep 2:95

4. Duch W (1981) GRMS or graphical representation of model spaces. Lecture Notes in Chemistry,
vol 42. Springer, Berlin



248 J. Planelles and J. Karwowski

wn

. Paldus J, Jeziorski B (1988) Theor Chim Acta 73:81
. Paldus J (1976) in: Eyring H, Henderson DJ (eds) Theoretical chemistry. Advances and
perspectives, vol 2. Academic, NY, p 131
. Duch W (1989) J Chem Phys 91:2452
. Valdemoro C (1985) Phys Rev A 31:2114
9. Karwowski J, Duch W, Valdemoro C (1986) Phys Rev A 33:2254
10. Lain L, Torre A, Karwowski J, Valdemoro C (1988) Phys Rev A 38:2721
11. Planelles J, Valdemoro C, Karwowski J (1991) Phys Rev A 43:3392, and references therein
12. Karwowski J (1989) in: Carbé R (ed) Quantum chemistry — basic aspects, actual trends.
Elsevier, Amsterdam, p 213 and references therein
13. Planelles J, Valdemoro C, Karwowski J (1990) Phys Rev A 41:2391
14. Tavan P, Schulten K (1980) J Chem Phys 72:3547
15. Ruedenberg K (1971) Phys Rev Lett 27:1105
16. Karwowski J (1973) Theor Chim Acta 29:151
17. Pauncz R (1979) Spin eigenfunction: construction and use. Plenum, NY
18. Tung WK (1985) Group theory in physics. World Scientific, Philadelphia, p 56
19. Hamermesh M (1964) Group theory and its application to physical problems. Addison-Wesley,
Massachusetts, p 215
20. Duch W, Karwowski J (1982) Int J Quantum Chem XXI1:783

[=a]

o =2



